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Abstract

Centralized matching markets involve many participants operating under limited
information about others’ preferences and priority rankings. This paper adopts a ro-
bust approach to imperfect information, analyzing worst-case outcomes for applicants
in the deferred acceptance mechanism. In a setting where applicants’ preferences are
IID uniform, I characterize the probability that an applicant can secure a guaranteed
outcome, independent of positions’ priority over applicants. The probability that an
applicant can guarantee his k' favorite position declines exponentially with both k
and market size, leading to the asymptotic failure of percentile guarantees. These
results highlight potential limits on applicants’ participation incentives. The proof
connects weak guarantees to the prevalence of perfect matchings in random markets. I
further demonstrate that correlated applicant preference rankings hamper guarantees,
while anti-correlated rankings improve guarantees. Finally, I explore how constraining

positions’ priority structures may enhance outcomes.
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1 Introduction

Many large-scale centralized clearinghouses, such as the National Resident Matching
Program (NRMP) and numerous school choice systems across cities like New York, Chicago,
and Denver, employ the applicant-proposing deferred acceptance (DA) algorithm to assign
individuals to institutions. Given the scale and complexity of these markets, it is unrealistic
to assume that participants possess complete knowledge of everyone else’s preferences or
the specific priorities used to assign spots. However, much of the matching literature has
thus far operated under a complete information benchmark, where agents are assumed to

know all relevant details about the market.

This paper adopts a robust approach to imperfect information, asking the following:
When does DA guarantee participants good outcomes despite uncertainty? Specifically,
how do worst-case outcomes vary depending on how applicants’ preferences are dis-
tributed? To analyze this, I consider an environment where applicants—such as junior
doctors selecting hospitals or students ranking schools—know their own preferences
but face uncertainty about both other applicants’ preferences and the priorities assigned
to spots. I begin with a model in which applicant preferences are independently and

uniformly distributed, while priorities remain adversarially determined.

The central result in Section 3 characterizes the likelihood that any given applicant
can guarantee their k" favorite outcome, irrespective of how priorities are assigned. The
implications are stark. The probability of securing a guaranteed k*" choice declines expo-
nentially with k, meaning that meaningful guarantees are exceedingly rare. Furthermore,
asymptotically, no applicant can be assured an outcome above a fixed percentile in the
ranking distribution. This suggests that applicants’ own preference rankings provide

strong guarantees in only a vanishingly small fraction of markets.

I also demonstrate that the likelihood of securing one’s k' favorite outcome closely
mirrors the probability that each of the lower-ranked outcomes (ranked (k + 1) and
beyond) is someone else’s top choice. In doing so, I highlight a link between the probability
of any rank guarantee and Stirling Numbers of the Second Kind.

Correlated Preferences and the Erosion of Guarantees: In many real-world appli-
cations, applicant preferences are not independent. Doctors may rely on widely known
hospital rankings, and students often prefer schools ranked highly in public reports. In
Section 4, I extend the analysis to correlated preferences and find that the negative results



from the independent case are further exacerbated. When applicants broadly agree on
which spots are least desirable, the lowest-priority applicants face significantly worse
outcomes. Applicants with low priority are more likely to be left with their least-preferred

spots, as others with higher priority systematically occupy the more desirable ones.

However, not all correlations are harmful. In Section 5, I introduce a formal notion
of “anti-correlation”, where preferences are sufficiently dispersed to avoid extreme con-
centration at the top spots. I identify a class of preferences where all applicants can be
guaranteed good outcomes, showing that a particular degree of anti-correlation is neces-
sary for every applicant to secure at least their second favorite option. Such guarantees are
necessary for DA to be obviously strategy-proof (OSP; Li, 2017) so that participants can

easily recognize their dominant strategies.

Policy Implications and Participation Decisions: Beyond its theoretical interest,
this paper’s findings have direct implications for policy and market design. The central
message highlights that in many applications, applicants are likely to have poor outcome
guarantees. An interpretation of this result is that in many markets, low-priority applicants
will do very poorly. To the extent that market designers are concerned with ex-post
equality in applicant welfare, it is important to achieve good worst-case guarantees for all
participants. The discussion in Section 5 suggests that where feasible, making appropriate
priority restrictions advances this objective. If not, policy practitioners must focus on
reducing underlying disparities in the quality of spots, which may reduce correlations in
preference rankings and ameliorate the prospect of being matched with the lowest-ranked

spots.

In addition, the prevalence of poor rank guarantees suggests that applicants with
access to good outside options may opt out of participation in centralized mechanisms.
For instance, families may apply directly to private schools or prospective applicants
may elect to make deals outside the centralized mechanism. This is especially salient if
prospective applicants are ambiguity averse.! When participation rates are of concern, it

may be consequential for policy practitioners to reassure participants about priorities.?

This is reasonable in many applications where DA is used, such as residency matching, school choice,
or public housing assignment, where outcomes are consequential yet hard to change ex-post assignment.
Gilboa and Marinacci (2016) highlight that ambiguity-averse behavior may be sensible when agents have to
make weighty decisions in an environment where choosing a particular probability measure over events
may seem arbitrary.

21 also provide an argument in the Appendix that managing ambiguity over priorities is more important
than managing ambiguity about other applicants’ preferences.
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Altogether, my results highlight a fundamental tension in large-scale matching mar-
kets: even though DA is strategy-proof, it does not always ensure acceptable outcomes for
all participants, particularly those with low priority. Understanding the distribution of
worst-case guarantees is thus crucial for designing and implementing mechanisms that

not only match applicants optimally but also maintain their confidence in the system.

Related Literature

A growing literature presents evidence that participants in strategy-proof mechanisms,
such as DA, do not in fact behave truthfully. (Ashlagi and Gonczarowski, 2018; Chen and
Sonmez, 2006; Hassidim et al., 2016; Rees-Jones, 2018). Ashlagi and Gonczarowski (2018)
show that strategy-proof mechanisms are not OSP (Li, 2017), which may partially account
for this pattern. This paper quantifies the extent to which DA is not OSP, by showing
that applicants’ preferences must satisfy very particular conditions for DA to be OSP. A
connected strand of literature characterizes when mechanisms are OSP implementable
(Ashlagi and Gonczarowski, 2018; Thomas, 2021; Troyan, 2019). DA is OSP implementable
when priorities over applicants are acyclic,? via a dynamic version of DA (Ashlagi and
Gonczarowski, 2018; Thomas, 2021). The results in this paper reinforce the importance
of dynamic implementation for OSP: the probability that we have OSP without dynamic

implementation is infinitesimal.

The insights in this paper provide a complementary perspective to work discussing
matching market outcomes when participants have imperfect information (e.g., Chen
and Hu, 2023; Fernandez, 2024; Fernandez et al., 2022; Liu et al., 2014). Much of this
literature specifies applicant beliefs over preferences on either side of the market, that
map onto beliefs over potential outcomes. The focus is often on characterizing agents’
optimal strategies given beliefs. In contrast, the applicants in this paper are akin to
ambiguity-averse agents who take a robust approach to imperfect information: Here,
applicants’ evaluation of their potential outcomes does not require the formation of a prior
over possible priorities. This may be a practical approach in applications where it is hard
for agents to form defined beliefs, such as in large and complex markets. The results here
imply that applicants may be disinclined to participate in the first place, and may not find
it optimal to report truthfully.

This paper also connects to the literature on the design of priorities and tie-breaking

3An example of acyclic priorities is aligned priorities.
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rules (e.g., Abdulkadiroglu et al., 2009, 2017; Ashlagi et al., 2019; Pycia and Troyan, 2023).
The receiving side in DA mechanisms, such as schools, often have coarse preferences over
applicants and rely on tie-breaking lotteries. The design of such lotteries is a choice of
the distribution over spots’ priorities. Section 5 is informative about how the support
over priorities influences worst-case outcomes. While global lotteries may potentially
allow more applicants to achieve their first choice, we know that worst-case outcomes
under global lotteries may be inferior to systematically breaking ties in favor of different

applicants at different schools.

2 Model

A market is a quadruple M = (A, S, > 4,>s) where A is a finite set of applicants, and S
is a finite set of spots. Each applicant a has a complete ordinal ranking of the set of spots
S, assumed to be strict. I denote this ranking by >,. Let Ps denote the set of all possible
ordinal rankings over spots, so, >,€ Ps. Likewise, each spot s has a complete strict ordinal
ranking of the set of applicants .A, denoted >, where >;€ Py, the set of all possible ordinal
rankings over applicants. > 4= {>,}sca € [,e4 Ps and >s= {>s}scs € [ l;es Ps denote the
profile of applicant preference rankings and profile of spot priority rankings respectively.
I assume throughout the paper that we have a balanced market and all participants are

mutually acceptable.

Let A([[,c4 Ps) denote the set of joint probability distributions defined over the joint
profile of all applicants’ ordinal preference rankings. The distribution of applicants’
ordinal preference rankings is denoted by 4 € A([[,c4Ps), that is, >Ai Y 4. In this
paper, we are interested in characterizing the distribution of worst-case outcomes under

applicant-proposing deferred acceptance (DA), given fixed 14, while being robust against
>$€ [1ses Ps-

We start by focusing on a setting where applicants’ ordinal preference rankings are
independently and identically distributed (IID) according to the uniform distribution over
Ps (e.g., in Ashlagi et al., 2017, 2019; Immorlica and Mahdian, 2015; Kojima and Pathak,
2009; and Che and Tercieux, 2019)). Thatis, 4 =[[,c4 I;? IID uniform ordinal rankings

4In practical implementations of centralized matching, preference rankings are de-facto strict (e.g.,
application forms generally do not allow indifference to be expressed, and ties in priority status are arbitrarily
broken).



imply that applicants, as well as spots, are ex-ante identical.’ The probability of a good
outcome guarantee, obtained in an IID uniform setting, can be interpreted literally as
the proportion of markets where applicants’ preference rankings generate good outcome
guarantees. Hence, it provides a logical starting point and sheds light on the prevalence
of markets that yield good guarantees. In Section 4, we allow for correlated preferences

among applicants and show that results become even stronger: rank guarantees are worse.

Before proceeding to the main analysis, [ provide some standard definitions that I will

refer to throughout the paper.

The rank function Rank, (s)=|{s"€ S : s" >, s}| describes the rank of spot s according
to the preference >, of applicant 4. In particular, a spot s with a Rank, (s) =1 is applicant
a’s favorite spot, while a spot s’ with Rank, (s) = 2 is applicant a’s second favorite spot,
and so on. Symmetrically, let Rank, (a) = [{a’ € A : a’ > a}| denote the rank of applicant a
in the priority list of spot s.

A matching is a one-to-one function that (i) maps each applicant to either a spot
or himself; (ii) maps each spot to either an applicant or itself; and (iii) is of order two.
Formally, a matching is denoted by p: AUS — AUS, with the properties that foralla e A
and s € S, we have (i) u(a) € SU{a}; (ii) u(s) € AU{s}; and (iii) u(a) = s if and only if u(s) = a.
Let M denote the set of all possible (one-to-one) matchings.

We have a perfect matching when every applicant and spot is matched, that is, if
u(a) = s € S for all applicants a € A. We have an individually rational perfect matching if
we have a perfect matching and for each participant i € AUS, py;(i) >; {i}. For a given
matching yu, a pair (a,s) is said to form a blocking pair if applicant a and spot s are not
matched to one another at y, but prefer each other, i.e., a >, p(s) and s >, p(a). A matching

p is stable for a market (A, S, >) if there are no blocking pair5.6

A stable matching can be obtained for any one-to-one matching market by running

the deferred-acceptance algorithm, as introduced in Gale and Shapley (1962). The following

>Ordinal rankings could be induced by random match utilities or surpluses that could be generated
from any arbitrary (independent and identical) continuous distributions. For instance, we can generate IID
uniform ordinal rankings when underlying cardinal utilities are exponentially distributed according to the
CDF G(u;j) = 1 —exp{-u;; where u;; is the utility applicant i places on the spot j.

®In general, y is stable if there are no blocking pairs and it is also individually rational: i.e., p(a) = s only if
s >, a and a >; s. Any matching trivially satisfies individual rationality, since I assumed that all potential
match partners are acceptable.



is an informal description of the applicant-proposing DA (DA):’

» Step 1: Every applicant applies to their most preferred spot. Every spot tentatively
holds on to the application from the highest-ranked applicant among all applications
that have been received (if any) and rejects the rest.

» Step t: Every applicant who has been rejected in step t — 1 applies to their most
preferred spot that has not yet rejected them. Every spot tentatively holds the
application from the highest-ranked applicant among all applications that have been

received up to period ¢ (if any) and rejects the rest.

* Step T (Terminal Step): When no applicant has been rejected in step T — 1, no new

applications arrive and all tentatively held applications are permanently accepted.

A centralized matching mechanism is a mapping from the profile of reported ordinal
rankings to a matching. DA induces a centralized matching mechanism. Formally, DA :
P +— M as described above. Let ppa( - | >) denote the matching under DA given reported
rankings >. The stable matching found by running DA is the applicant-optimal stable
matching (AOSM); that is, every applicant prefers their match outcome under DA to their
outcome under any other stable matching.

Now, I provide some definitions I use throughout this paper that are less standard.

Definition (Worst-Case Rank). Suppose the profile of reported applicant preferences is
> 4. Applicant a’s worst-case rank, denoted wr,. ,(a), is the rank of the worst stable outcome

for applicant a over all possible priority rankings >s.

wrs. (@) = max{Ranks. (ppa(al >4, -5))

Definition (Worst-Case Feasible Set). Suppose the profile of reported applicant pref-
erences is > 4. Applicant a’s worst-case feasible set, denoted W, ,(a), is the set of match
outcomes applicant a can achieve under DA when they have the worst possible priority
across all spots. That is,

W.

L (a) = {yDA (a |(>A, >:S)) :>5 s.t.Rank,/(a) =nforall s e S}

"The spot-proposing DA is analogously described by simply swapping the roles of the applicants and
spots in the description above.



Observe that wr, ,(a) € W, ,(a). If spot s is the worst-case outcome for applicant
given > 4, then it is an element of W, ,(a), when applicant a has the lowest priority across

all spots.

Yet, W, ,(a) is in general not the singleton set {wr, ,(a)}. Also, the worst-case outcome
may be obtained even when applicant a has strong priority at some spots.® It is important
to note that a strong driver of bad outcomes for applicant « is the relative ranking spots
have over other applicants. Keeping fixed applicant a’s priority rank at each spot, the

ranks of other applicants matter and generate different outcomes.

Definition (Top-k Rank Guarantee). Applicant a has a top-k rank guarantee when the
least-preferred element in their worst-case feasible set has a rank of k" or better, according

to their preferences >,. That is,

Rank <k
sele}fﬁa){ ank, (s)}

Finally, we can formally define the object of key interest in this paper, the distribution
of rank guarantees for an individual applicant 4, given the distribution of applicants’

preference rankings.

Definition (Distribution of Rank Guarantees). Let the distribution of preferences be
Y 4. The distribution of applicant a’s worst-case ranks is characterized by the conditional

cumulative density function:

F¢A(j;>u) = ¢A({>A : wr>A(g) §]}| >a)

3 Meaningful Rank Guarantees are Rare

In this section, I focus on characterizing the distribution of rank guarantees for an
individual applicant in a balanced market with IID uniform preference rankings among
applicants. I consider an arbitrary applicant a, with a preference ranking s; > s, >...s,,.

Simplifying notation, IP(top-k guarantee) denotes the probability that applicant « has a

8 An example is provided in the Appendix.



guarantee of at least their k''-ranked outcome in this setting, for fixed k.” Analogously,
IP(top-k(n) guarantee) refers to the probability that applicant @ can guarantee an outcome
ranked above some k(n), such as the rank that corresponds to the 90th percentile, in an IID

uniform market of size n.

This section presents the main result: meaningful worst-case guarantees are rare for
individual applicants in balanced markets. Specifically, the proportion of applicants’
joint preferences that would yield a rank guarantee better than rank k'” for applicant a,
exponentially decreases to 0 as k decreases. More importantly, the problem is exacerbated
significantly as the market size n increases: the proportion of profiles that yield any per-

centile guarantee eventually diminishes to 0 as n grows.

Theorem 1. For any rank level k(n) such that for sufficiently large n, k(n)/n <r € (0,1),

lim IP(top-k(n) guarantee) = 0.
n—oo

This result follows directly from the following proposition, characterizing an upper

bound for the probability of rank guarantees.

Proposition 1 (Upper bound). For any fixed rank level k, given market size n,

1 n—1Y -k
IP (top-k guarantee) < {1 -y(n)- (1 - E) }

where lim y(n) = 1.
n—-oo
To get a sense for why Proposition 1 holds, let us start by considering the case where
k =n-1,1i.e., the weakest non-trivial rank guarantee. We have a top-(n—1) guarantee if and
only if we can exclude s,, applicant a’s worst-ranked spot, from W,  («), their worst-case
feasible set. Hence, IP (top-(1n — 1) guarantee) = 1 — Prob({s, € W, ,(a)}).

We can characterize this probability by identifying a necessary and sufficient condition
on applicants’ preference rankings > 4 should satisfy such that s, € W, ,(a) is true. We can

then calculate the frequency of joint preference rankings for which such conditions hold.

%.e., For all k € {1,---n}, IP(top-k guarantee) corresponds to Fy,(k;>4) when ¢4 = [],c 4 Yo, where

Ya(>q) = gy for all >,€ Ps, forall a € A.



Lemma 1. Spot s is in applicant a’s worst-case feasible set, that is, s € W, ,(a), if and only if

given > 4, there exists a perfect matching p such that p(a’) >, s for all a’ € A/{a}.

Lemma 1 implies that for s, € W, (@) to hold, the existence of a perfect matching
where every applicant a’ € A/{a} does better than s, is both necessary and sufficient. The
intuition for necessity is as follows. When is spot s,, feasible for applicant « when applicant
a has the worst possible priority? For s, to be feasible, applicant a should sometimes face
no competition for s,: otherwise, applicant @ must be rejected from s,. So, it must be
possible that no other applicant applies to spot s, under DA, at least for some >g. Since
we have a balanced market where all spots and applicants are mutually acceptable, all
applicants are for any preference realization. If no other applicant applies to s, then all

other applicants must do better than s,, which corresponds to the condition in Lemma 1.

To see why the condition in Lemma 1 is sufficient for s, € W, ,(a), suppose there indeed
exists a perfect matching ji meeting the condition. Consider any >g where each applicant
a’ € A/{a} has top-priority at their assigned spot under ji. The outcome pp4(a’), under
applicants’ preferences > 4 and such priorities >g must satisfy upa(a’) >, ji(a’) >, s, for
all a’ € A/{a}. Applicant @ must be the only applicant to s,, having been rejected by all

other spots.

By Lemma 1, the calculation of IP(top-n — 1 guarantee) = 1 — Prob({s, € W, ,(a)}) can
be reduced to considering the proportion of applicant preferences such that a perfect
matching exists as specified in the lemma. We can utilize known results on perfect match-
ings to analyze Prob({s, € W, ,(a)}). In particular, Hall’s Marriage Theorem provides an
interpretation of Lemma 1 and serves as a framework to further break down the expression
Prob({s, € W, ,(a)}).

Theorem (Hall’s Marriage Theorem (Hall, 1935)). Let G = ((X,Y),E) be a bipartite graph
with bipartite sets X and Y and edge set E. For each subset X C X, let Ng(X) denote the
neighborhood of X.1° There exists a X-perfect matching in G'1 if and only if

INg(X)| > |X| for every X C X.

0je,Ng(X)={jeY: (i,j) € E for some i€ X}.
i e., There exists a set of disjoint edges covering every element in X.
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Roughly speaking, all elements of X can be simultaneously matched in the bipartite
graph G if and only if the graph is “sufficiently connected” so that every subset of X has
sufficient neighbors. To apply the theorem directly, it is useful to consider the truncated
submarket M_, ) = (A/{a}, S/{su}, > 4/1a))- Here, we exclude applicant a, spot s,, and
truncate all other applicants’ preferences below (and including) spot s,,. It follows directly
that the condition in Lemma 1 is equivalent to the existence of an individually rational
perfect matching in M_(, ; ). M_(,,,) can be represented as a bipartite graph, where one
side consists of applicants .A/{a}, the other side consists of spots S/{s,,}, and (a’,s’) € E if

and only if s’ >, s,; that is, applicant a’ prefers spot s’ to spot s,,.

Hence, s, € W, ,(a) if and only if there exists a perfect matching in the bipartite graph
corresponding to M_, s ). Hall’s Marriage Theorem directly implies that this perfect
matching exists if and only if every subset of applicants in A C A/{a} are collectively
connected to at least |A| spots from S/{s,}. Given our mapping of M_(4,s,) to a bipartite
graph, the interpretation is that it is necessary and sufficient for every subgroup of

applicants to find at least the same number of spots superior to s, in the aggregate.

Conversely, there does not exist a perfect matching, so that s, ¢ W, ,(«), if and only if
some subgroup of applicants A C A/{a} unanimously prefer spot s, to a sufficiently large
group of at least n —|A| spots. Hall’s theorem yields a useful heuristic: we can exclude
spot s, as a worst-case outcome if and only if spot s, is “sufficiently preferred” by other

applicants, in a rather specific way.

Our discussion implies that we can write:
Prob({s, € Wi ,(a)}) = Prob (/=1 H(j)),

where H(j) denotes the event that every subset of j applicants in A/{a} find at least j
spots superior to s, in the aggregate, in the truncated submarket M_, ; ). With simple

manipulation, we can write:

IP(top-n—1 guarantee) = 1 — Prob({s, € W, ,(a)})
=1—Prob(H(1)) .Prob(n;?;;H( J)IH(1))

With IID uniform ordinal rankings, it is straightforward to verify that Prob(H(1)) =
(1- l/n)”_l. H(1) holds when no applicant in .A/{a} ranks s, as their first choice. For each

10



applicant, this is true with probability (1 —1/n), and there are n—1 independent applicants.
It remains for us to characterize Prob(ﬂ}:le(j)lH(l)), the probability of an individually
rational perfect matching in M_, ; y when all applicants a’ € A/{a} rank at least one spot

s’ above s,,.

Lemma 2. The probability that there exists an individually rational perfect matching in M_, ),
conditional on all applicants a’ € A/{a} ranking at least one spot s’ above s, approaches 1 as the
size of the market gets large. i.e.,

¥(n) = Prob(n, H(j)IH(1)) — 1

In this setting, if every applicant finds at least one spot acceptable in the truncated

submarket, we are exceedingly likely to be able to match all applicants.

Intuitively, when ordinal preference rankings are IID uniform, there is significant
variation in preferences. In the truncated submarket, the number of spots applicants find
acceptable is uniformly distributed. So, the lengths of applicants’ truncated preference
lists are just as likely to be long as they are to be short. Conditional on the length of
their truncated preference list, we again have a uniform distribution over the combination
of spots applicants find acceptable. This means that when preference lists are short,
they are more likely than not to be comprised of different combinations of spots, with
limited overlap. This suggests that finding an individually rational perfect matching in the

truncated submarket should be feasible. I include a proof for Lemma 2 in the Appendix.

Lemma 2 provides a direct proof of Proposition 1 for the case of k = n—1. Observe that
given Lemma 2, we have shown Proposition 1 for the case where k = n— 1. Generalizing to
different values of k relies on observing that the probability that we can exclude some spot s
from the applicant a’s worst-case feasible set decreases given the condition that we also ex-

clude another spot s.12 As a result, the joint probability of excluding spots si,1,5k+2,---,Su

.....

2T include a short proof in the Appendix.
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3.1 An Approximately Necessary and Sufficient Condition

This subsection highlights the observation that broadly speaking, applicant a has
a top-k guarantee approximately only when every one of applicant a’s n — k worst out-
comes are the best outcome for some other applicant. The peculiarity of this “requirement”
provides a concrete flavor to our prior result of the rareness of meaningful rank guarantees.

1th

Corollary 1. If every spot s € {sx.1,Sk+2,.-.,5,} which applicant a ranks k + 1" or worse is the

first choice of some applicant a’ € A/{a}, then applicant a has a top-k rank guarantee.

From Lemma 1, we know that if applicant a has a top-k guarantee, then for every
S € {Sk41,Sks2,---, 5}, we should not be able to find a perfect matching where every applicant
a’ € A/{a} obtains an outcome they prefer to s. Mechanically, applicant & has a top-k
guarantee if and only if spots si,1,Sk.2,...,5, can be excluded from his worst-case feasible
set W, (a). Corollary 1 very straightforwardly follows. Whenever some other applicant a’
ranks some spot s as their first choice, we can never find a perfect matching where every
a’ € A/{a} does better than spot s.

We can demonstrate via simulation that Corollary 1 is asymptotically “almost neces-
sary” for applicant a to have a top-k guarantee. Here, I derive a lower bound that exactly
captures the probability of the sufficient condition in Corollary 1, and show that it is
remarkably tight. In simulations, the lower bound derived here gets very close to the

upper bound presented in Proposition 1 even for a market size as small as n=9.

Stirling’s numbers of the Second Kind play a role in the characterization of the lower

bound. Formally, for any m, the rih Stirling’s number is given by:

r

(_1)r—i m
Stmr)=) (r—i)!li!

i=0

Intuitively, S(m,r) counts the number of ways to partition a set of m objects into r
non-empty subsets. They appear in various combinatorial problems and have been applied
anywhere from calculating the moments of the Poisson distribution to counting the total

number of possible rhyming schemes in poems.

To get a sense of how Stirling’s numbers will be used, consider some arbitrarily fixed set

S C S of n—k spots, and some arbitrarily fixed set A of j applicants, where A C A/{a},|A| = ;.
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Notice that the number S(j,n —k) - (n —k)! counts how many ways we can have every appli-
cant a € A be assigned to some spot in s € S, where each of the n—k spots in S is assigned
at least once.!3 So, analogously, S(n -k, j) - (n — k)! corresponds to the number of ways we
can have every applicant a € A rank a spot in S as their first choice, where every spot in S

is the first choice of some applicant in A.

Proposition 2 (Lower Bound). For any market size n, for any rank level k, let

n n—1 . —i-1
(NS, n—k) - (n— k)L K
LB(n, k) = = AV .

nn—l

LB(n, k) provides a lower bound for the probability that an individual applicant has a top-k rank

guarantee in a balanced market of size n.

Applying Stirling’s numbers, observe that the numerator of LB(n, k) counts the number

1th

of other applicants’ first choices where every spot applicant a ranks k + 1*" or below is

t.!4 The denominator simply counts the total number of

ranked first by another applican
permutations of other applicants’ first choices. Therefore, LB(n, k) provides us with the
probability, given IID uniform preference lists, that > 4 satisfies a sufficient condition for

applicant a to have a top-k guarantee.

3The factorial term arises since we may arbitrarily re-label spots.
14See Appendix for a detailed explanation of expressions in the numerator.

13



100 4 n = 3 (Simulated)

n = 3 (Lower Bound)

n = 9 (Simulated)
n = 9 (Lower Bound)
80 1
— n— o

604

409

=1
oo 4

0 1 2 3 1 5 6
‘f‘.

Figure 1: Simulated and analytical probabilities of top n —k guarantees.

While the tightness of the lower bound may initially appear surprising, the reason
it is tight stems from the same forces underpinning Lemma 2. Lemma 2 implies that if
every applicant a’ € A/{a} prefers at least one other spot s’ to whichever spot s we want
to exclude from W, , («), we are almost certainly unable to exclude spot s. This should
indicate that the first-order factor of whether or not s ¢ W, (a) is the existence of at least

one applicant who finds all spots s” € S/{s} inferior to spot s.

4 Rank Guarantees with Correlated Preferences

When applicants have correlated preferences, meaningful rank guarantees are even
less prevalent. At a high level, we have seen that whenever applicant a« has a good rank
guarantee, the market must contain a sufficient number of other applicants who like the
outcomes he dislikes. Intuitively, other applicants are less likely to have such preferences

when preference rankings are more correlated.

In this section, I show that the distribution of rank guarantees when there is more
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correlation first-order stochastically dominates the distribution when we have less correla-
tion.!> Using simulations, I show that this effect can be substantial even when introducing

arguably small preference correlations.

Definition (Partial Order of Market Correlation). Compare 14, 9’) € A([],c4Ps), with
full support, where applicants in A are exchangeable!®. A market governed by 1 4 is more

correlated than one governed by ¢, i.e., Y4 Zcop ¢y, if and only if:

H?IPA (S >q S/l S>g S,){_d}deA/{u,a’}) > ﬂ)¢:4(5 >a S,| S>>y 5/1 {;d}deA/{a,a’})

for all 5,s" € S and for all a,a” € A for all {>;}sc 4/(s,a) Where such conditional probabilities

are defined.

We say that a market where >Ai Y 4 is more correlated than one where >Ai P’y if the
following is true: for arbitrary pairs of spots and applicants, we are more confident that

s >, s’, when we are told that s >, s” under 1 4, compared to under ¢’;.

This definition of correlation captures a natural notion of a “more correlated” joint dis-
tribution over preferences with the same marginal distributions over individual preference
rankings. As a simple example, consider a market with two applicants a;, a4, and two spots
s1,5,. Fixing the marginal (i.e., fix P(s; >,, s,)), increasing correlation directly corresponds
to increasing the covariance between the random variables X; = I({>4: s; >,, s,}) and
Xo = 0({>4: 51 >4, $2})-

The order >,,, also captures correlation in a setting where ordinal preference rank-
ings are generated by conditionally independent cardinal utilities, a common notion of
preference correlation (e.g., in Agarwal and Somaini, 2018; Kapor et al., 2024). This is
the model Uij = pvj +¢&jj, vj~ Pj, Eij ~ G, where F]-, G are CDFs. One may verify that a
higher |p| corresponds to more correlation among applicant preference rankings according

17
to Zcopr

The following proposition shows that more correlation worsens the distribution of

rank guarantees:

I5A first-order stochastically dominant distribution is worse: Rank-(k + 1) is worse than Rank-k.

!%The joint distributions 1 4,,1’, are invariant to any relabelling of applicants.

7Loosely: Each realization of ¥'= (vy,...,v,) is associated with some distribution of individual preference
rankings i (non-degenerate due to ¢;;), and we have 1 4 = []c 4 1. Observing >, of applicant a is informative
about realized v, which in turn provides information about >, of applicant a’. The higher is |p|, the more
informative v is about >, .
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Proposition 3. If {4 >y 'y, then the distribution of rank guarantees generated by 14
first-order stochastically dominates by the distribution generated by ;. Formally,

YA Zcorr 770:4 — PI/JA('; >a’) >FOSD Pll);l(l >a) fOT alla’ € A.

Broadly, correlated preferences generate poorer rank guarantees for applicant a due to
reduced demand for his worst-ranked outcomes. Section 3 tells us that applicant « obtains
a top-k guarantee when the spots s, Sg,1,...,5, can be ruled out as feasible outcomes. We
can rule out sg,s,1,...,5, only if these spots, which applicant a ranks poorly, are ranked
relatively well by other applicants. Such a combination of preferences must be less likely

when preferences are more correlated.

Since applicants are exchangeable, each joint distribution can be fully characterized
by a marginal distribution over individual preference rankings 1¢,, and the conditional
probability over unordered collections of other applicants’ preferences given each realized
individual ranking >,.!8 As seen in Section 3, applicant a’s worst-case outcome, depends
only on what spots can be excluded from his worst-case feasible set. The existence of
particular perfect matchings in the market, which in turn only depends on the composition
of preference lists, fully determines this. Hence, the distribution of worst-case outcomes
given >, is fully determined by the conditional probabilities over collections of other
applicants’ preference lists. Hence, given some >,, the profile of preferences {>,},c 4/(a)
yields the same worst-case outcome for applicant & as {>,},c.4/(q) if both contain the same

collection of preference lists (ignoring applicant labels).

We want to show that when there is more correlation, greater weight is placed on
collections of preference rankings which correspond to poorer worst-case ranks. The idea
of the proof then utilizes two main observations. First, we can incrementally increase the
level of correlation, starting from ¢/, toward the level of 1 4, via a sequence of probabilistic
swaps. In particular, at each step, for some fixed collection of preference rankings, swap
an adjacent pair of spots in one preference ranking to reduce the number of order reversals
relative to another preference ranking.!” This corresponds to reducing the number of order

reversals between applicant & and some applicant a’, keeping the preference rankings of

18Given some collection of preference rankings, > 4 corresponding to each permutation assigning prefer-
ence rankings to different applicants occur with equal probability.
In doing so, we make the same swap across all > 4 corresponding to such a collection.
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all other applicants constant. Second, a collection of preference lists with one fewer rank
reversal relative to >,, all else constant, necessarily yields a weakly inferior worst-case

outcome for applicant a.

The following figure illustrates simulations of rank guarantees under various market

sizes, given that applicant preferences are generated according to u;; = pv; + &5, vj ~

Uniform{l,...,n}, Eij~ Uniform{l,...,n}.

100

S0

60

20

Je

Figure 2: Cumulative Distribution Functions of top-k rank guarantees for different
degrees of correlation, for markets of sizes n = 3,4,5 and 6.

We can see from the figure that even for relatively small levels of correlation, there is a
noticeable worsening of the distribution in worst-case outcomes. Holding the size of the
market constant, the CDF of rank guarantees under more correlation first-order stochas-
tically dominates that under less correlation. Furthermore, this effect is exacerbated for
larger markets. Holding the level of correlation constant, CDF of rank guarantees in larger
markets first-order stochastically dominates that in smaller markets; this deterioration in

rank guarantees appears to be more dramatic under more correlation.
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5 When do Meaningful Guarantees Exist?

This section discusses two approaches to understanding when meaningful rank guaran-
tees exist. First, I define and discuss a notion of “anti-correlation” in applicant preferences.
Sufficiently “anti-correlated” preferences generate strong rank guarantees for all appli-
cants. Second, I explore how different ways of restricting the domain of spots’ priorities

may improve applicants’ rank guarantees.

5.1 Anti-Correlated Preferences

The ideas presented in Section 3 and Section 4 suggest that meaningful guarantees are
achievable only when applicants’ preference rankings are somewhat complementary.?’
Here, I formalize a sense in which applicant preferences are complementary, by defining a

partial order of “anti-correlation” in preferences.

Definition (Block-k Anti-Correlation). Applicant preferences > 4 are block-k correlated
if there exists a partition of spots, Bs = {S1,S,,...,S7}, and a partition of applicants,
B4=1{A1,A,,..., A7}, such that forall t e {1,...,T}:

o Al =S < k.
e IfacA,thenbeB, b'eB;j#B, = b>,b".

* There does not exist an alternative partition where |A;| <k for all j.
Block-1 anti-correlation is stronger than block-2 anti-correlation, and so on.

Lemma 3. If > 4 is block-k anti-correlated, then all applicants are guaranteed at least their

top-k outcome.

Intuitively, block-k anti-correlation breaks down the matching market into smaller
“sub-markets” so that applicants can truncate their preference rankings without loss. Each
applicant only faces at most k applicants for their kK most preferred spots regardless of
priority rankings.?! Worst-case outcomes are alleviated since long rejection chains are

circumscribed.

20For example, Section 3 demonstrated that an applicant a obtains a top-k rank guarantee approximately
only when all his worst ranked spots sx,1,5k42,...,5, are the best outcome for another applicant.
21 A formal proof is available in the Appendix.

18



Block anti-correlation is, in fact, necessary for top-1 and top-2 market-wide guarantees.
Necessity for top-1 guarantees is extremely intuitive: every applicant needs to have a
different first choice. The more interesting result is that for a top-2 guarantee to exist for

every applicant, >4 must be block-2 anti-correlated.

The question of when a top-2 guarantee exists connects to obvious strategy-proofness
(Li, 2017) in DA. For a mechanism to be obviously strategy-proof, each applicant’s worst-
case outcome by truthfully revealing their preferences must be as good as any feasible
outcome when they are not truthful. In this case, applicants should be guaranteed at least
their second favorite outcome for it to be “obvious” for applicants to reveal their first

choice truthfully. That is, we require a top-2 guarantee for all applicants.

Lemma 4. Every applicant in A has a top-2 guarantee if and only if > 4 is block-2 anti-

correlated.

Lemma 4 implies that we have a top-2 guarantee only when the entire market can
be divided into extremely small sub-markets of at most two applicants and two spots.
Sufficiency follows immediately from Lemma 3. In the Appendix, I show how a market-
wide top-2 rank guarantee means we must be able to construct a partition of market

participants corresponding to block-2 anti-correlation.

A possible interpretation of Lemma 4 is that it quantifies the importance of dynamic
implementation. Ashlagi and Gonczarowski (2018) show that when priorities are acyclic,
we have a dynamic implementation of DA that is obviously strategy-proof. In contrast, if
dynamic implementation is impossible, Lemma 4 implies that obvious strategy-proofness
requires us to restrict applicant preferences to an extremely particular set. Convincing
unsophisticated participants that truthtelling is optimal would require them to believe
that applicants’ preference rankings are block-2 anti-correlated, which is implausible in

most applications.

While I leave a formal quantification for future work, it should not be surprising
if block-k anti-correlation is approximately necessary for top-k market-wide guarantees
more generally. I outline a loose intuition here. Consider some > 4 that is block-(k + 1)
anti-correlated. What is the probability that > 4 yields a top-k market-wide guarantee? By
definition of block-(k + 1) anti-correlation, we know there must exist a subset of applicants
A; and corresponding spots S; which comprise a (k + 1)-sized balanced market. If a top-

k market-wide guarantee holds overall, a top-k market-wide guarantee must hold this
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submarket. To the extent that a top-k market-wide guarantee in such a submarket is
unlikely,?? block-k anti-correlation is approximately necessary for a top-k market-wide

guarantee.

5.2 Restricting Priorities

Mechanically, limiting the domain of possible outcomes must weakly improve the
worst-case outcome. Hence, a natural question is the extent to which reducing the domain
of priorities >g can improve the distribution of worst-case ranks. The question of priority
restrictions also has a direct practical appeal, given priorities are generally perceived to
be more tractable to designers than applicant preferences. In this section, I discuss two
practically salient priority restrictions: aligned priorities and the assignment of “safety

schools”.

5.2.1 Aligned Priorities

Aligned priorities are common in real-world applications: for instance, prospective
students and residents may be ordered by quality or test scores, or prospective public
housing residents may enter a single lottery across available properties. Limiting possible
priority realizations to aligned priorities does not impact the distribution of worst-case

ranks.

Lemma 5. Fix any > 4. An individual applicant’s worst-case rank does not change when we

restrict spots to have aligned priorities over applicants. i.e.,

wr, ,(a) = >[g€rfl'li§7’f\ {Rank>a (ﬂDA(aI > 4 >:9))} = >:S£11)3§M {Rank>a (yDA(al > 4 >:,5))}

where Dajigned := {>s€ [lses Pa 1 >s=>y Vs,s" €S}
The insight underlying Lemma 5 is that if there exists a perfect matching ji where

every a € A/{a} is matched to some ji(a) >, s, then we can find an aligned priority which

implements an even better outcome under DA for every applicant a € A/{a}. Then,

22A top-k market-wide guarantee in such a submarket should be unlikely. Section 3 suggests the
probability of even an individual top-(k — 1) guarantee in an IID uniform setting is limited. In this case,
we require a market-wide guarantee across all individuals and additionally rule out meaningful block
anti-correlation within the k + 1 submarket.
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Lemma 1 implies that spot s is still a worst-case feasible outcome. I include the constructive

proof of Lemma 5 in the Appendix.

5.2.2 Safety Schools

An intuitive way to improve rank guarantees is to assign each applicant a spot where
they always have top priority.?> This can be interpreted as the assignment of “safety
schools”: when an applicant applies to such a spot, they will be matched to the spot. In
school choice applications, we may see this when students are guaranteed admission to

their nearest neighborhood school.

In a setting where applicant preferences are IID uniform, such a priority restriction

improves outcomes in a first-order stochastic sense.

Corollary 2. Let ¢4 correspond to the 11D uniform distribution, and suppose R; = {>s€
[lies Pa:Rank,  (a)=1 VYae A} for some matching ji. Then,

k
Ya(max(Rank(p(a; = ) <K 2 > Yl max | (Rank(p(a; =) <)

forall ke{1,2...,n}.

Each applicant’s worst case outcome must be at least as good as the spot at which
they were assigned top priority. In an IID uniform setting, each applicant’s rank for their
assigned spot is uniformly distributed. So, the distribution of each applicant’s worst-case
rank must be first-order stochastically dominated by the uniform distribution. Following
Proposition 1, the uniform distribution is in turn first-order stochastically dominated by

the distribution of worst-case ranks without priority restrictions.

At the same time, an important caveat to Corollary 2 is that improvements via such
priority restrictions are sensitive to preference correlation. In the extreme where applicant
preferences were perfectly aligned, the assignment of safety schools reduces to fixing an
aligned priority order over applicants. There is no improvement to the worst-case outcome
of the applicant assigned top priority the least preferred spot, relative to no priority
restrictions. When preference rankings are significantly correlated, the loss in symmetry

23This means restricting the domain of possible preferences to {>: Rank>m)(a) =1 Vae A} for some

matching j.
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among applicants may be of concern despite improvement to worst-case outcomes for a

subset of applicants.

5.2.3 Implications for Tie-Breaking

Should we run a universal lottery, or assign specialized priorities? Universal lotteries,
which randomly select an aligned priority order of applicants that applies across all
spots, have reported efficiency advantages (e.g., Abdulkadiroglu et al., 2009, 2017). Yet,
Lemma 5, together with results in Section 3, tells us that individual distributions of worst-
case ranks under aligned priorities are rather dismal. Meanwhile, Corollary 2 implies
that distributions of worst-case ranks improve if applicants have asymmetric tie-breaking

probability at different spots especially if applicants and spots are relatively symmetric.

The observations made in this section imply that when we care about both efficiency
and applicants’ perceptions of their worst-case outcomes, there may be a trade-off. Such
a trade-off may be amplified when applicants have idiosyncratic preferences, and less

salient of a concern if applicants have highly correlated preferences.

6 Discussion

This paper demonstrates that in many settings, applicants are unlikely to have mean-
ingful rank guarantees under deferred acceptance. Worst-case guarantees are relevant
whenever we are concerned about ex-post equality in applicants’ outcomes, and when we
are concerned about participation incentives. Where markets involve many participants,
the proportion of markets where an individual applicant has a guarantee of their k'"
favorite outcome is approximately the proportion of markets where all of his most unde-
sirable outcomes are the best outcome for someone else in the market. The probability
that an individual applicant has a guarantee of achieving an outcome he ranks above any
fixed percentile is vanishing. Correlation in preferences exacerbates this result. Together,
these insights suggest that efforts to reassure participants about potential outcomes may

be warranted in many applications when there is a realistic option to opt-out.

Meaningful market-wide rank guarantees can be achieved when preferences are suffi-
ciently anti-correlated. I further demonstrate that block-2 anti-correlation is necessary and
sufficient for a market-wide top-2 rank guarantee, which is in turn necessary for DA to be

OSP. A potentially fruitful direction of future research would be to formally quantify the
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extent to which block-k anti-correlation is not just sufficient, but approximately necessary

for the existence of meaningful rank guarantees, as alluded to in Section 5.1.

Section 5 discussed how priority restrictions may improve rank guarantees. In particu-
lar, assigning applicants top priority at different spots (assigning “safety schools”), can
improve worst-case outcomes. An interesting question for future research is the extent to
which this type of priority restriction yields market-wide improvements. For example, it
may be infeasible to assign everyone a good safety school, as evident from the extreme case
where applicant preferences are perfectly aligned. When is it possible to assign priorities
so that every applicant achieves a top-k guarantee? Observe that this requires the existence
of some Pareto-efficient matching where all applicants achieve an outcome of at least rank
k. It may be worthwhile to characterize the distribution of markets where the profile of

applicant preferences satisfies such a requirement.?*

Another avenue for future work may be determining how much preference trunca-
tion may change the profile of worst-case outcomes. Suppose every applicant. except
some applicant «, truncates their preference list: applicant a’s worst-case outcome must
improve, following the logic outlined in Lemma 1. Yet, if applicant a also truncates
their preference list, they may be unmatched. Conditional on being matched, applicants’
worst-case outcomes should improve. On the other hand, how frequently might applicants
wind up unmatched? To the extent that applicants have limited outside options, we should

care about such a trade-off.

Finally, a limitation of the worst-case approach is that it does not allow significant
commentary on applicants’ optimal reporting strategy. If applicants only care about their
worst-case outcomes, then any strategy is optimal as worst-case outcomes only depend on
other applicants’ reports. At the same time, if applicants care about the reported rank of
their worst-case outcome, they may adjust their strategy. A potential question arises: if
indeed applicants care about the reported rank of their worst-case outcome, what would
equilibrium reports look like, and how would worst-case outcomes change? The answer
may allow us to generate predictions that can be compared to reported preferences in real

applications.

24This would be an upper limit to our ability to achieve market-wide outcome guarantees via such
preference restrictions since the issue of eliciting enough information to assign appropriate priorities
remains.
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A Appendix

Proposition 1

In conclude Proposition 1, we loosely argued that

i—1
P(Sn—j e W, (a)l ﬂLl {sn1€ W, (a)}) < P(Sn—j ew, ,

() = P(s, & W>A(0())

for all j. Intuitively, when one spot is not sufficiently preferred (and so excluded from the
worst-case set), another spot is more likely to be sufficiently preferred (and so included in
the worst-case set). I provide a formal proof here. The proof formalizes this natural notion

of negative association.

Suppose we fix some set of applicant preferences {>,},c4/(s) and fix applicant @’s
ranking of spots S/{s,}. i.e., we fix how applicant 4 orders sy, 5,,...,5,_1. Given we are in an
IID uniform setting, every such arbitrary restriction on applicants’ preferences holds with
equal probability. We can partition the domain of joint applicants’ preferences into equal
sizes according to these restrictions. Within each element of the partition, i.e., conditional

on such preferences, applicant 4 ranks spot s, at each position with equal probability.

Focus on one particular element of the partition, which I denote as E. For simplicity, I
discuss without loss of generality a case where s; >; s, >; -+ >;s,_1. How should we think
about the case where s, is ranked k as opposed to k + 1? Crucially, moving s,, one position
ahead is equivalent to adding the edge (4,s,) to the bipartite graph associated with the
truncated submarket M_, ). Analogously, removing the edge (4,s) from the bipartite
graph associated with the truncated submarket M_(, ; ). Straightforwardly, adding edges
to M_(, ) must make it easier to find a perfect matching, while removing edges from

M_(4,5,) makes it harder to find a perfect matching.

Hence, we have monotonicity with respect to applicant a’s rank of s, in the following
sense: for all s #s,, if s € W, (&) when s, is ranked k" by applicant 4, we should still
have s € W, ,(a) when s, is ranked jth by applicant 4, where j < k. Similarly, if 5, ¢ W, ,(«)
when s, is ranked k'" by applicant 4, we should still have s, € W,  (a) when s, is ranked
j™" by applicant 4, where j < k.?> The number of s € §/{s,} for which s € W, () must
weakly decrease in applicant 4’s rank of s,,; at the same time, the incidence of s, € W, ()

must weakly increase in applicant d’s rank of s,. It directly follows that within this

25In the extreme, when s,, is ranked 1 by applicant 4, there are no edges involving applicant 4 in M (a5,
and so there is no perfect matching, which implies s, € W, , (a) in that case.
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partition element, P({s € W, ,(a) forall se€ Slls,, & W, (a), E)>P({se W, ,(a) forall se
S)E), forall SCS/fs,).

Leveraging the symmetry of the IID uniform setting, straightforward probability

manipulations imply that the following holds for arbitrary s:

P({se W, ,(a) forall se Slls’ ¢ W, (a)) = P({se W, ,(a) forall se S)), forall SCS/{s')

Slight further manipulation yields:

P(s'e W, (a)l{se W, ,(a) forall seS})<P(s'e W, (a)) forall SCS/{s')

Lemma 2
Simplifying notation, let us denote the event that ﬂ;.’;llH (j) as PM.

First, we may breakdown the y(n) into a weighted sum of conditional probabilities:
y(n) = ;7:1 Prob(PM|min len = j) - Prob(min len = j) where Prob(min len = j) denotes the
probability that the longest preference list in the market is of length j.

Second, observe that the probability that a perfect matching exists increases when
applicants have longer preference lists, ceteris paribus. This implies that j > <
Prob(PM|min len = j) > Prob(PM|min len = ).

Next, consider Prob(PM|min len = 1). Observe that

n—-1
y(n) > Prob(PM|minlen=1) = (1 - 22111;) cy(n—-1)

* Given min len = 1, we know that some applicant a finds only one spot s acceptable.
In any perfect matching in this subset of markets, applicant 2 must be matched to
spot s. There is a perfect matching if and only if we can find a perfect matching in

the market where we additionally exclude (a,s).

* Consider the submarket excluding applicant 2 and spot s. The probability of a perfect
matching in the submarket is the probability of a perfect matching inthe n—1xn-1
market where the length of preference lists is uniformly distributed. Conditional
on the event that all preference lists are at least length 1, this probability takes the
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value of y(n—1). Meanwhile, the probability that some applicant has a preference

list of at least length 1 is:

C(1) ("Hin-2r
C(n) Yt ("Mki(n—1-k)

Given applicant independence, the probability that all applicants find at least one

-1
spot other than s acceptable is: m(n) = (1 - %)n 26

In fact, the inequality must be strict, since Prob(min len > 1) > 0 and we know that
Prob(PM|min len = j) > Prob(PM|min len = 1) for all j > 1.

Therefore,
c(1)\""

ym=cs(1-g)pn- )

yn) & ( ) c<1>)“‘1
71y T Cm) ?

yn) e

7/(”_1)—7/(”)+[1—V(1’1)] (3)
>e+1-v(n) (4)
For all n > N, |v(n)| =1 —(1 - %) < ¢ and hence, for all n > N, % =1l+e-v(n)>1.

i.e., for large enough n, we know that y(n) is strictly increasing.

Since y(n) < 1, it must be that y(n) — 1.

Proposition 2 details

LetS={seS : Rank, (s)>k+1} be the set of n—k spots which applicant a ranks
k + 1" or below.

« Fixing a particular subset of applicants A C A/{a}, |A| = j, S(j,n—k)- (n—k)! counts
the number of profiles of first choices among applicants in A where the first choice

of each a’ € A is an element of S, and every spot in S is the first choice of some a € A.

« Fixing a particular subset of applicants A C A/{a}, |A| = j, S(n—k,j)-(n—k)! - k"7

counts the number of profiles of first choices among applicants in A/{a} where the

26Note that m(n) converges to 1, and takes a minimum value at n = 3. Intuitively, other candidates are
extremely likely to find at least one more spot acceptable other than spot s.
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first choice of each a’ € A/{a} is an element of S if and only if applicant a’ € A, and

every spot in S is the first choice of some a € A.

Relative to S(n—k, j)- (n—k)!, we now additionally account for the number of permu-

tations of first choices among applicants in A/{A U a}.

— The first choice of every applicant in .A/{AUa} is among k spots which applicant
a ranks k' or higher.

— Fixing the first choices of applicants in A, given IID uniform preference lists,

there are k" possible first choice profiles of applicants in A/{A U a}.

1 -t
jon-k (']

among members of A/{a} where the sufficient condition in Lemma 1 is satisfied.

Hence, )S(n—k, j)-(n—k)!-k"~/ counts the number of profiles of first choices

Relative to S(n—k,j) - (n—k)! - k"~J, we now additionally account for the fact that the

group A, and the size of A, can be selected in many ways.

Proposition 3 details

Consider the set of all possible preference rankings. As there are finite number of

possible preference rankings, let us assign each ranking an index i. i.e.,

Ps ={>y»>(ps)}

A collection of rankings is defined by the size-n set of indexes of unique individual pref-

erence rankings, C ={1,...,|Ps|}". Let >() denote the collection of individual preference

rankings where

>(C): {>(i): i€ C}

Conditional on some collection of preference rankings, the probability that applicant a’

has a preference ranking corresponding to >(;) is

For notational simplicity, let {s; > s;} denote {>€ Ps :s; > 5;},

Number of i in C
P({>p=>i)}l >) =

n

J
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Consider

P o, PUsi > s} 0lsi >a sil 0 > a0 =>D)
(si > Sjlsi >a 5j, &) = ST ya—
17 aj Ala,a’}

for some > = {>;(1),...,>5(n-2)}- Note:

P({>c: >€>c and >¢/>€{s;i>sj}xPs}) = P({>c: > €>c and >¢ /> € {s; > sj} x{s; > sj}})

+P({>c: >€>c and >¢/>€{s; > st x{s; > s;}})

and
> S s 21(n-2)!
P(>A/{a,af}z > Si >a S]) = P({>C D> €>c and >c /S e {Si > S]} > {Si > S]}}) . =
1(n—2)!
+P({>c: >€>¢ and >¢ /> €ls; > s} x{sj > si}})- (nnl !

At each step:
Suppose that P(s; > s;) > P(s; > s;). Then,

* Switch with some probability ¢, the collection {>,: > e>r and >¢ /> € {s; > s, >
joreSuo1 > Sppx{sy > s3> ...8; > s;...8,_1 > s,}} to the collection {>¢: > €>¢ and >¢
[>€{s1 >8> ...8i >S5 81 > suiX{sy > sp > s > sjsu > syl to {00 > €>¢ and >¢

...85>S

[>€{sy >8> ..8;>8j. 81 = suh X {sy > 8o > s > s s, > sl

* And switch with some probability ¢, the collection {>¢: > e>¢ and >¢/> € {s; >
$2 > .8 > Si Sy > Sub X sy > Sy > .85 > 5.8 > sy to {>¢ 0 > €>¢ and >¢
[>€{s1 > 5y > ...8i>5j.. 8,1 > S} X sy > 80> s > 8.8 > Sl

Hence:

o Pl({>c: >e>c, >c/>€lsi >sjhx{sj > sil}) = P({>c: >€>c, >c/>€{si >sj}x{s; >si}}) - ¢
s P({>c: >€>c, >c/>€{si>sitx{s; >sj}})) = P({>¢ : > e€>¢, ¢ /> €{s; >s;} x{s; >sj}}) +2¢
* Pl({>c: >e>c, >c/>€lsi>sjhx{sj>sil}) =P({>c: > €>¢, >c/>€{sj>si}x{sj>si}}) —¢

* There are no changes for all (I, k) = (i, j).

So,

P/({Si > 5]'} N{s; >4 5]'} N {>A/{a,a’}5 =1)
P'({si >a s;} 0 > apja,ay =)

P’(Si > S]'|SZ' >a S >) =
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P({s; > Sj} N{si >a 5]'} N {>A/{oz,a’}E >} + ’Sﬁ

P({si >a st 0 > a/0,0)= > + f_n(n2_1) —€ n(nl—l)

:P(Si >0 SleZ' > S ;)+17€, 175>0

and

P'tsj >a sif 0 {sj >a sil N (> aja,)= >)
P'({sj >a si} 0 {> apja,a)= >
P({S]' >r 51N {S] >q i1 N {>A/{a,u’}5 >1) - Eﬁ

P({s; >a sit N {> /(0,0 =>}) —fﬁ —5,1(,1;_1)

P’(Sj > Silsj >a Sis ;) =

= P(s; > Silsi >a s =)+ 15 17:>0
and P,(Sl > sklsl >a Skr ;) = P(Sl >0 sklsl >a Skr ;)

Conditioning on other collections Let >, denote {s; > s, >...s; >s;...5,_1 > s,,} and let >,,

]'.
denote {sy > 5y >...5; > S;... 81 > S}

Case la: Conditioning on =" = {>5(1), > (2)s+ -+ >a(j=1) o (j+1)*** > (n-2)}U{>.} and suppose that
5i >o(j) Sj- Observe that p = P({>¢: S'€e>c and >¢ /> € s; > S]‘}X{SZ‘ > S]}}) =P({>¢: >€>¢ and >¢
/=€ A x (=) +P({>c: > €>¢ and >¢ /> € (>} x{s; > sj}/{>.}})) + P({>c : >" €>¢ and >¢

/> € {si > si}/{>s(j)} X {si > sj}}) and the modification step only altered (increased) the first term.

So, P'({>¢c : =" €>¢ and >¢ /> €{s; > sjix{s; > sj}}) = P({>c : =" €>¢ and >¢ /> € {s; >

sitx{s; > sj}}) + € = p+&. Also, denoting g = P({>¢ : =" €>¢ and >¢ /> € {s; > s;} x {s; > s;}}),

P'({>c: 5" e>c and >¢ /5" €{s; > sj} x{sj > s;}}) = P’({>c : =" €>¢ and >¢ /> € {>,(j)} x{s;

sil) + P({>c : =" €>¢ and >¢ /> € {s; > sj}/{>o(j)} ¥ {s; > si}}) = q — € is decreased by the same

amount, by an analogous logic, via changes to the first term. Applying similar logic from the first

Moa. e, Lo 2(p+¢’) 2p
part of the proof, P'(s; >4 sils; >4 55, %) = ) 2

>

= P(Si >a Slei >a S]',;,).

Case 1b: Condition on =" = {>5(1),>¢(2)- -+ >a(j=1) o (j+1) " >a(n-2)} U {>.} and suppose that

Si >o(j) Si- Let p=P({>¢: =" €>¢c and >¢ /> €{s; > s;} x{s; > s;}}) and g = P({>¢ : >’ €>¢ and >¢

/"€ {si > sj} x{sj > sil}). P’({>¢: =" €>¢ and >¢ /> € {s; > sj} x {s; > 5;}}) remains unchanged,

and P'({>¢c: =" €>¢ and >¢ /> €{sj > s} x{s;i > si}}) = P'({>c : > €>¢ and >¢ /> € {>.}x{s; >

S]}}) +P’({>C 2 S €>c and >c /5" € {S] > Si}/{>a(j)} X {Si > S]}}) =g-E¢. So, P’(Si > Slei >a S]',;') =

2p 2p
2p+(q-¢’) 7 2p+q

= p(si > Sjlsi >a Sjs ;,)

Case 2a: Condition on =" = {>;(1),>4(2),--» > (j-1) >a(j+1)*** >a(n-2)} U {>«} and suppose that

Si >g(j) Si- Observe that P({>¢ : =" €>¢ and >¢ /5" € {s; > sj} x {s; > s;}}) remains constant, and

P({>c: =7 €>c and >¢ /5" € {sj > s;} x{s; > sj}}) = P({>¢c : > €>¢ and >¢ /> € {>.}x{s; >

sit)+P({>¢c: =7 €>c and >¢ />" € {sj > s;}/{>5(j)} X {si > sj}}) decreases by ¢. Increased correlation
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is immediate.

Case 2b: Condition on =" = {>;(1),>g(2),-+-» >0 (j-1) =a(j+1) " ** >o(n-2)} U {>«} and suppose that

i >a(j) Sj-P({>c : =" €>¢ and >¢ /57 € {s; > si} x{s; > sj}}) = P({>¢c : > €>¢ and >¢ /> € {>..

bx =)+ P({>¢: >€>c and >¢ /> € (.} x{s;i > s;)/{>J) + P({>¢: =" €>¢ and >¢ /=" € {s; >

si}/{>q(j)} X {si > sj}}) decreases by ¢, while the denominator decreases by the same amount since

P({>c: =" €>¢ and >¢ /5" €{s; > sj}x{s; > s;}}) = P({>¢ : =" €>¢c and >¢ /5" € F.}x {>u}}) +

P({>¢: =" e>¢ and >¢ /5”7 € (>4} x{sj > si}/ (=) + P({>c 1 =7 €>¢c and >¢ /5" € {s; > s}/ (>4
2Ap=¢) o 2p

bxsj > si}/{>.}}). Overall, P'(s; >y sjls; >4 sj,>") = T =) 2pq

7)

P(Sl‘ > Slel' >a S]',;”).

Lemma 3

Proof by Contradiction: Suppose block-k anti-correlation is insufficient. Then, for some block-k
anti-correlated > 4, there exists some priority order >g where at least one applicant will be rejected
from their k" favorite spot. It follows that some applicant a’ € A; must be rejected from all s € S,
since |S;| < k. Without loss of generality, let a’ be the first such applicant. Let s be the spot applicant
a’ that prefers the least within S;.?” Suppose also that a’ is rejected from s at Step t of the DA

mechanism.

At step t, every spot § € S; is tentatively matched to some applicant other than a’.?% Let
Aj(t) denote the set of applicants tentatively matched to some 5 € Sy at step t. By construction,
|A;(8)] = |S;] = |A;| > |A;/{a’}]. So, we know a € A(t) for some d € Aj, j # k. However, if such an 4
applied to some s € S; by step t of the mechanism, 2 must have been rejected by every spotin S;,
their own set of favorite spots, before step t. This contradicts our premise that a’ is the first such

spot.

Lemma 4

If all applicants are guaranteed their top-1 or top-2 outcomes, we can coarsely partition 4 into
the subsets A(j) and Ay). Ay is a (potentially empty) set .A(;) of applicants who are guaranteed
their first choice, while .Ay) is a (non-empty) set of applicants who are only guaranteed their second

choice.

The first choice of every applicant in .A(;) must be ranked below the worst-case outcome of
every a € A/{a’}. Let §(;) denote the set of spots that are the first choice of applicants in Ay).
Directly, s € §(;) must be ranked 2" or below by all but one. It must also be true that every s € Sn)

is ranked 3"? or below by applicants in A(2). Suppose not, then some s € Sy is ranked 2" for some

?7i.e., Rank, ,(s) = |Sk|.
28We have assumed that every applicant is acceptable, so applicant a’ could only have been rejected by
spot s if a preferable applicant applied to spot s.
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a’ € A(y). Applicant 2’ must be guaranteed their first choice if they have a top-2 guarantee since it

is impossible to guarantee spot s for applicant a’. Yet, this contradicts a’ € A y).

The top-2 outcomes of every a’ € A(,) must be ranked after the worst-case outcome of every
a € A/{a’,a}, where applicant 4@ # a’ has the same first and second choice as applicant a’. To see this,
consider some a’ € A(;) whose first two choices are s; and s, respectively. First, at least one other
applicant must share s, as a second choice. Whenever applicant a’ is matched to spot s;, some
other applicant @ must be matched to s,.2° Next, at least one pair of applicants who rank s, as a
second choice must have a common first choice. Otherwise, it is possible that no applicant applies
to s, within their first two applications, which is incongruent with a top-2 market-wide guarantee.
Finally, since applicant a’ has a top-2 guarantee, it must be that exactly one pair of applicants with
s, as a second choice have the same first choice, and applicant 4’ must be one of these applicants.
Furthermore, no third applicant must rank s; as their first choice, and no third applicant in Ay,

must rank s, as their second choice. If not, at least one applicant does not have a top-2 guarantee.

Lemma 5

Fixing a profile of applicant preferences > 4 and given some matching ji implemented by >s
under DA, we can always construct an aligned priority such that every applicant weakly prefers
their match outcome under this priority compared to ji. So, if a perfect matching that matches the
condition in Lemma 1 can be implemented by some >, then there exists an aligned priority that

also implements some perfect matching that matches the condition in Lemma 1.

I describe the process of constructing such an aligned priority here, where one sequentially

assigns each applicant a priority rank.

Suppose we are given some matching ji, and want to construct an aligned priority such that

every applicant does at least as well as under .

* Step 1: Consider P(1) ={a € A : Rank, (fi(a)) = 1}: The set of applicants who are matched to
their first choice under fi. Assign each a € P(1) one of best available priorities: {1,...,|P(1)|}.
Denote the set of spots that these applicants are matched toas S(1)={s€ S : jfi(s) € P(1)}.

* Step 2: Consider P(2) = {a € A: Rank, (f(a))=2}JNn{ac A : {seS: Rank;i(s) <1} CS(1)}.
i.e., P(2) consists of all applicants who (1) are matched to their second choice under fi, and
(2) whose first choice is matched under ji to another applicant assigned priority in Step 1.
Assign each a € P(2) one of best available priorities: {|P(1)|+1,...,|P(1)|+|P(2)|}. Denote the
set of spots these applicants are matched to as S(2) ={s €S : ji(s) € P(2)}.

2%We have assumed a balanced market where all spots and applicants are mutually acceptable. Also, s,
cannot be the first choice of another applicant if it can be guaranteed.
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* Step k: Consider P(k) = {a € A: Rank, (fi(a)) <kjn{ac A:{s€S: Rank;i (s) < Rank, (fi(a))} €
U;:% S(j)}}. i.e., P(k) consists of all applicants who (1) are matched to their k' or better choice
under /i, and (2) all spots they prefer to ji(a) are matched under ji to another applicant

assigned priority in an earlier step.

Assign each a € P(k) one of best available priorities: {1 + | U;:% P(j),...,|P(k)|+| U;-‘;ll P(j)l}-
Denote the set of spots these applicants are matched toas S(k)={se S : ji(s) € P(k)}.

We can see via induction that each applicant a € P(k) must be matched to ji(a) under DA given
such an assignment of priorities. Directly, all applicants a € P(1) are matched to their partner
under ji. Suppose the induction hypothesis is true, every a € U;:llP(j) must be matched to
fi(a’). By construction, fi(a’) >, fi(a).

» Step n+ 1: Consider A/ U}“Il P(j).

- Case 1: A/ U;f:l P(j) = 0. All applicants have been assigned a priority ranking. Under
such a priority ranking, each applicant a € A must be matched to ji. We have found an

aligned priority that works.

- Case 2: A/U?ZlP(j) # (. For each remaining applicant a € A/U;?:l P(j), fi(a) € S/U?:1 S(j)-
Furthermore, for each a € A/ U?Zl P(j), there exists some s € S/ U?Zl 5(j) such that

s >, fi(a). Run the following process:
+ Start with P(n+1)=0and S(n+1)=0

+ Step A) Pick some a € A/ U;Z;rll P(j)), and assign this applicant the priority rank
| U;’Zl P(j)|+1. Add a to P(n+ 1), and let ji(a) denote applicant a’s favorite spot in

S/ u;?;ll S(j). Add ji(a) to S(n+1).
+ Step B) For every a’ € A/ U;?;rll P(j), check that there exists some s € S/ U;tll S(j). If
this condition is true, go back to Step A. Otherwise, the remaining applicants and

spots form a balanced market Ac Aand S C S.

Repeat Steps 1 to 1 + 1 for the market comprising only A ¢ A and S C S, to determine
priority rankings among low priority applicants in A/ U;lzl P(j).
Ambiguity over Priorities versus Ambiguity over Preferences

What does the distribution of worst-case outcomes look like if we are instead robust over

applicant preferences, and are probabilistic over priorities?

Suppose >,=51 >4 S >4 -+ >4 Sy. For any possible priority ranking >g, the set of > 4 that
produces the worst outcome for applicant « a set always includes the completely aligned profile

where every other applicant has the same ranking as applicant a. Hence, the probability that
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applicant « is guaranteed at least his k' outcome is the probability that priorities generate a DA
outcome where applicant a is matched to a spot ranked k'" or better given all applicants share the

preference ranking >,.

If applicant preferences are aligned, then the DA outcome of any priority >s is equivalent to
the DA outcome of some aligned priority.>® Without loss of generality, we can restrict our domain

of preferences to aligned priorities.

If we suppose that applicants and spots are ex-ante identical, every applicant must have the
same probability of being in each priority rank. In such a setting, applicant & must have a uniform

probability over worst-case ranks. i.e.,

. k
Prob>s(n;;n{Rank(y(a;>5))} <k)= -

Implications Given our result in Proposition 1, we can make the following observation:
Prob>s(rr>1in{Rank(y(a;>3))} <k)> Prob>A(n;in{Rank(,u(a;>A))} <k) Vkefl,...,n}.
A S

In words, in a setting with symmetric applicants and spots, the worst-case distribution when
we are robust against priorities and probabilistic over spots first-order stochastically dominates
the worst-case distribution if we were robust against applicants’ priorities but probabilistic over

priorities. We have a “better” distribution in the latter case.

Holding fixed any profile of applicant preferences >4, we can in most cases find a priority
profile >¢ which generates a bad outcome for applicant @. Conversely, holding fixed a profile of
priorities >g, in a smaller number of cases we can find > 4 which generates a bad outcome for a. In
that sense, knowledge about one’s priority among other applicants is much more "informative" for
applicant @ about how well or badly they might do in a centralized matching process employing DA.
Without information about one’s priorities, or some assurance that one will have a decent priority,
an ambiguity-averse applicant will be much more pessimistic about their potential outcomes from
participating. TLDR: telling people about other applicants’ preferences is much less helpful for an

ambiguity-averse applicant than assuring them about their priorities.

30Namely, assign the applicant ranked first by s; top priority; then, assign the applicant ranked first by s,
(excluding the first applicant) second priority, and so on.
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